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For a finite connected undirected graph G without loops or multiple edges, 
define the repeated interchange graphs Zn+l(G) = Z[Z”(G)], it > 1, where Z(G) 
denotes the interchange graph (or the line-graph) of G. Denote by 0, and e, 
the number of vertices and edges of P(G), respectively, with the convention 
IO(G) = G. It is shown that e, > v,, and v,+~ = e,,, > e, = o,+~ when n > 0, 
but for few exceptional graphs which are characterized. 
1. In this note, we are concerned solely with connected undirected 
graphs G with no loops or multiple edges. For relevant definitions, see [2]. 
As in [I], the interchange graph (or the line-graph) of G is defined to be 
the graph I(G) whose vertices are the edges of G, any two vertices of I(G) 
being joined by an edge if and only if the corresponding edges in G have 
a vertex in common. Repeated interchange graphs are defined by 
I’“+l(G) = I[P(G)], II > 1. (1) 
If u(G) and e(G) denote, respectively, the number of vertices and the 
number of edges in G let 
u. = u(G); 0, = W(GK n 3 1; (4 
e, = e(G); e, = W(G>l, n > 1. (3) 
Then 
V n+l = en , n 3 0. (4) 
In [l], the “convergence” of the sequences {v,} and {e,} was studied 
and it was shown that, after a certain stage (i.e., when n 2 u,), each of 
these sequences either monotonically increases together, or v, = e, = 
constant. This note, although a continuation of [I], is self-contained. 
By refining the argument contained in [l], the picture can be completed, 
and we can in addition answer questions of the form: when is v, = v,, , 
v, = e, , en = v. , e, = e, , or e, = v, for some it and m ? 
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Recalling that the degree of a vertex in G is the number of edges incident 
to it, we may state our result as follows: 
THEOREM. For a connected graph G, the properties of the sequences 
{u,j-, {e,} may be listed as follows: 
(a) G is a chain (i.e., two vertices are of degree 1, the rest of degree 2); 
then 
v, = e, + 1 = 2~~ - n if ~1 duo, and v, = e, = 0 if n > v. . 
(b) G is a cycle (i.e., ali vertices are of degree 2). Then 
v, = e, = v. = e, , n 3 1. 
(c) G is the graph 
(v. = 4 = e, + 1). Then 
v n = e, = e, = 3, 12 > 1. 
(d) G has exactly one vertex of degree 3, three vertices of degree 1, the 
others being of degree 2 each. Also G is not the graph in (c). Then 
e, = e, = v. - 1; 
and 
v nt2 = en,, > e, = vnfl when n31. 
In addition, v3 = e2 = v. if G is the graph 
otherwise va > v. . 
(e) G has two vertices of degree 3, four of degree 1, the rest being of 
degree 2. Then 
e,=v,=e,+l, v,+Z=e,,,>e,=v,,, when n 3 0. 
(f) In all other cases, 
el > e. ; V n+2 = en+, > e, = v,+~ , when n > 0. 
The proof of the above result is contained in the next section. 
We can draw many useful corollaries. For example the graphs (b) 
and (c) are the only ones for which e, = e, for some n > 2; or e, = v, 
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for some IZ > 2; or e, = e, for some m > n > 1. The graph (b) is the 
only one for which v, = vO for some n 3 4; in this case G and Z”(G) are 
thus isomorphic. The equality z+ = v,, is possible for the graphs (b) and (d) 
only, while vg = v,, is possible only for graphs (b) and the exception in (d). 
2. We now prove the result quoted in the preceding section. Asser- 
tions (a), (b), and (c) are easily verified. In fact, Z(G) is a chain on vO - 1 
vertices in (a), Z(G) = G in (b), while Z(G) is a cycle on three vertices in (c). 
We may, therefore, assume that in G there is at least one vertex of 
degree > 3, and that G is not the graph in (c). The vertices, if any, of 
degree 1 (to be called pendant vertices), can be put in a natural l-1 corre- 
spondence with a subset of the edges at vertices of degree 3 3 in the follow- 
ing manner: starting from any pendant vertex there is a chain (with at 
least one edge) which we follow until the first vertex of degree 2 3 is 
encountered. Thus we may speak of the pendant vertices at a vertex of 
degree 3 3. 
Let the degrees of the vertices in G be di , i = 1,2 ,..., vO . As in [l], 
we have 
4 gl 4 = e. , (5) 
The relation (5) follows from the fact that each edge has two end vertices. 
For relation (6), we note that, if di 2 2, each pair of the edges at the 
vertex i contributes precisely one edge to Z(G), while, if di = 1, no edge 
is contributed to Z(G). 
It is easy to see that 
e, - e, = 4 z (di(di - 1) - di} 
i=l 
= 4 z d,(d, - 2), 
i-l 
e, - v. = & z di(di - 1) - v. 
i=l 
= 4 2 {di(di - 1) - 2) 
i=l 
= 8 $I Vi - WA + 1). 
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Denote by C’ the summation over indices i such that di > 3, and by 
pi the number of pendant vertices at such a vertex i. Then the number of 
pendant vertices is p = C’pi . The above relations may be rewritten as 
(di > 1 since G is connected) 
e, - e, = Q {C’ di(di - 2) - p} 
= & C’ {di(di - 2) - pi} 
= + C’ d,(d, - 3) + + C’ (di - pi), 
e, - v,, = + {C’ (di - 2)(di + 1) - 2p) 
= + 2’ {(di - 2)(d, + 1) - 2p,} 
= ij C’ (d,2 - di - 2 - 2pJ 
(7) 
= i C’ di(di - 3) + C’ (di - 1 -pi). (8) 
For any vertex i with di > 3, it is clear from the definition of pi that 
di > pi . Since the graph is connected, if there are two or more vertices i 
with di 3 3, then di - 1 > pi for all such vertices; in addition di > pi - 1 
for at least one vertex except when G has precisely two vertices i with 
di > 3, and each of these has pi - 1 pendant vertices. 
From (7), therefore, e, 3 e, , with equality if and only if G has precisely 
one vertex of degree 3, three pendant vertices, and the other vertices being 
of degree 2. Similarly (8) implies that e, = v,, - 1 if G has one vertex 
of degree 3, three pendant vertices, the other vertices being of degree 2; 
e, = uO if G has two vertices of degree 3, four pendant vertices, the other 
vertices being of degree 2; and e, > v,, otherwise. 
The exceptional graphs for which e, = e, , or e, = v,, - 1, or e, = ZIP 
are not the interchange graphs of any G. Hence the above argument 
applied to Z(G) yields that e2 > e, , e2 > u1 . The same is true of In+‘(G) 
in relation to Z”(G), y1 2 1. 
Among the exceptional graphs in which e, = vO - 1, we find that 
e2 = v,, if G is the graph 
h-- 
. .._- _D 
(i.e., two pendant vertices are at a distance two from each other), while 
e2 > v,, otherwise. 
This completes the proof. 
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